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ABSTRACT

We consider in this paper, pulsating laminar flow superposed
on the steady motion of a viscous incompressible electrically
conducting fluid in an annular channel between two infinitely
long circular cylinders under a radially impressed magnetic field.
The general magnetohydrodynamic equations are simplified by the
conditions of the problem to three equations in pressure, velocity
and magnetic field. One equation gives the pressure variation in
the radial direction; the other two are coupled equations for the
velocity and magnetic field, which are functions of the radial
variable gnly. The solutions of these equations have been obtained
in terms of Kelvin and Lommel functions and the velocity profiles are

examined for different values of the frequencies of pulsation.




PULSATING MAGNETOHYDRODYNAMIC FLOW SUPERPOSED ON THE
STEADY LAMINAR MOTION OF AN INCOMPRESSIBLE VISCOUS
FLUID IN AN ANNULAR CHANNEL

M. N. L. Narasimhan

Introduction
In recent years flows through small pipes have been investigated with
increasing interest in the circulation system of the blood and recently theories
of pulsating flow are aprilied to the supercharging system of reciprocating
engines and the surging phenomena in power plants, and so forth (Uchida 1956).
But it would be of even greater interest to an analyst or experimentalist
to investigate similar types of flow in an annular channel in the presence of

magnetic fields, since the effect of impressed magnetic fields on pulsating

flows are of considerable physical significance particularly in space technology

problems and also biophysical problems.

Globe (1959) has considered the laminar steady state flow in an annular
channel in the presence of a radial magnetic field. In the present investigation
we study analytically the pulsating flow superposed on a steady flow in an
annulus under a radial magnetic field. We assume in the manner of Globe that
an approximation to the desired radial magnetic field may be obtained by the
use of a permeable core within the annulus and a permeable cylindrical shell
outside the annulus. The flux lines would close through these permeable paths

at long distances from the region of interest. The source of the flux could be

Sponsored by the Mathematics Research Center, United States Army, Madison,
Wisconsin under Contract No.: DA-11-022-ORD-2059.
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disks of permanently magnetized material between the permeable pathis and the
annulus channel.

The present investigation aims mainly at the analysis of the pulsating
motion under such a radial magnetic field.

We now consider an infinitely long annular channel of inner radius a and

outer radius b, as shown in cross section in figure 1.

Figure 1. Annular channel with
impressed radial fieid.

A radial magnetic field H0 =

N'Q

» Where o is a constant is impressed across the
channel.

We shall now show that the independence of the electromagnetic guantities
with respect to the coordinate in the direction of flow, ussally assumed in plane

solution, is a necessary consequence of certain conditions of the problem,
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Governing ‘_Eguations

On the assumptions that (1) the fluid is incompressible viscous, (2) the
displacement current and free charge density are negligible, (3) the permeability
and conductivity are constant scalar quantities, and (4) the Lorentz force is

the only body force on the fluid, the magnetohydrodynamic equations (Cowling

1957) are
VxH=T , (1)
vxf:-p%? , (2)
V-H=0 (3)
T=oc(E+uVxH) , (4)
vv=o0, (5)
[Hr @NT] <-vor T nTxA . o

In these equations f—f is the magnetic field, E the electri‘c field, p the‘
permeability, -f the current density, \-/. the velocity, p the pressure and
v the Kinematic viscosity. (M.K.S. units are understood).

We obtain now, in addition to equation (6), one more coupled equation for
H and V by eliminating —f and E among (1), (2) and (4) . Making use of
the divergence relations (3) and (5), one obtains the following equation:

Rl CRA AU R Sl A I (7
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Equations (6) and (7) must now be expressed in cylindrical coordinates
r, 8, z . The equations (6) and (7) simplify greatly because of the following
conditions:

(1) We assume axial symmetry around the axis so that -a-% =0 .

(2) Since the flow is laminar and parallel to the axis, vV oEVe=0.

0
8vz
Furthermore, from (9, 3z - 0.

(3) We assume that the applied field H =2

0°T fixes the normal component

of the magnetic fieldat r =a and r =b for all values of z, and that this is the
only field impressed. Several consequences follow from this assumption:

(a) from the z-component of (4),

jz=o' [Ez+p(vx-ﬁ)z] s (8)

we note that jz must vanish. This is because Ez can arise only from an
applied E field or free charges in the flow, neither of which exists, and because
(\7 X -I-i)z must vanish, since V has a z-component only. Similarly from the
r-component of (4) jr vanishes, (Globe 1959). Since He can arise only from
an r or z component of current, there can be no 6 component of H from the
currents in the fluid. Since there is also no impressed magnetic field in the
6-direction, it follows that He vanishes everywhere in the channel.

(b) In the manner of Globe (1959) let us consider a section of channel

bounded by transverse planes at z = £h (figure 2). Applying the divergence

theorem, and Equation (3), to this volume, we get
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[ff (v-HaQ= [fH-d5 =0 .

Volume Surface

But

ffH-ds=-2mah H (a) + 27b H_(b)

+ [mo® - ma®)[H _(n) - H_(-n)] . (10)

ST

IFANNNNNNNNEENN

Z=-h Z=h
-
Figure 2. Section of channel bounded by
transverse planes.

Since the first two terms on the right-hand side of (10) cancel each other, it
follows that Hz(h‘) = Hz(-h) .- Since h is arbitrary, we obtain (aHz/az) =0 .

This conclusion is independent of the nature of flow.
aH

(c) Since '5-2'3 = 0, it follows from (3) that %(rHr) =0 . The

radial field must then be equal to the impressed field, and is unaffected by the

flow and independent of z .
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With these simplifications, the equations (6) and (7) yield:

&
+
T
=

"
i
(=]

zar O ? (1)

2
z_uaHz__;a_E+ y o v +1_a_v£ (12)
Pt “r or oz P 2 Tr or
ar
) 2
aHz o é'vz 0 Hz 1 8Hz
i at r or = or + r— or (13)

Hz and v, are functions of r and t only. It follows from (12) that %5

must be independent of z . By differentiating (11) with respect to z, itcan

be seen that ;azp is independent of r also. Hence f—f must be d function of

time t only. We may therefore set

8p_ _
9z P(t)

’

where P(t) is a function of t only.

Once Hz is determined, the variation of p across the channel may be

found by integrating (11):

2
wH,

2

p(r,z,t) + = - P(t)z .

Now (12) and (13) can be rewritten as:

sz o BHZ Bzvz 1 avz ‘
p—a?’"L——=P(t)+pV‘ = (14)
or

r or
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aH av BZH oH
g—l . bee 2z ___ 2z 1__z
KT at r aor Br'z r o

The boundary condicions for our problem are:

Vz(a,t) o, Vz(b)t) =0 s

Hz(b, t) =

[
o

8Hz
"a—r—(b,t) =0 ,

(15)

(16)

(17}

(18)

Equeiions (16) contain the no slip conditions, Equation (17) follows from the

fact that -f has a 8 component only, so that the currents in the annular

channel are like those ir an infinite solenoid. These currents will therefore

produce no field for r> b, and since there is no impressed field in the z-direction,

continuity of the tangential component of ﬁ requires (17) to be true. Equation

(18) is obtained as follows. We have

oH

lge Tar

But

Jg = on(V X H)y

6

and \-l’ must vanish at r=b . Hence je must also vanish there and

9H
ar

TTTTTTTT R
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The Solution

Let us introduce the following non-dimensional quantities and parameters

n

—~

<
~

1]
Al
-~

qQ
©

<
e

[0

y Y = (pov) ,

B is a form of Hartmann number appropriate to an annular channel. On

introducing these non~dimensional variables and parameters into the equations

(14) to(18), we obtain the non-dimensional form of the latter system:

18V _ 8%y L 8V B oH

yor Tzt taan te(n (19)
9H BZH 1 8H B 3V
Yor T 2tXa faa (20
ox
V(\,T) =0 at A =] (21)
V(\,T) =0 at \ =§ (22)
HA,7) =0 at A\ =5 (23)
oH
hN,T)=0 at N =5 . (24)

e
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The non-dimensional pressure gradient ¢(r) is a function of non -dimensional

time T only and hence we can express it in the following form
iwT
o(r) = o + ¢ ¢ (25)

where q>0 and ¢l are constants and may be assumed to be real for the sake of
simplicity and w alsc a real number denoting the frequency of the vibration.

The corresponding solutions for V and H will now be assumed as:
V(A7) = V() Vi (N) T (26)
H(\,7) = Hh) + B\ &7 (27)

The solutions for ¢,V and H are respectively the real parts of the expressions

in (25), (26) and (27).

Substituting these forms (25). to (27) into equations (19) to (24) we have the

following sets of equations:

2
d°v av aH
0o 1% p _
2% T Py Tax T4 =0, (28)
ax
2
d°y dHy 4 4V
YA Ty 0 (29)
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and Vo=0 at \ =1,%
H =0at N\ =6
0 : (30)
dH0
% 0 et a=6 ,
/
2V av dH
T W T S UV ’
(418
a? dH v
1, L1 B _ 1 _
2% T ta T TevH (32)
dx
and V1=0 at M =1,6
Hl=0 at A =§ (33)
[ .o
dH1
_d)—t-=0 at A\ = § .

First, we shall determine the steady part of the solution from the set (28)to

(30).
dH

We integrate (29) once and substitute for —dTo into (28); then we solve the

resulting second order equation for Vo; and then we substitute the resulting

expression for VO‘ into the first integral of (29), and finally integrate once again

to get Ho. We obtain:

-
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¢0 2 6‘2 sinh(Bln M) - Sinh(B In A/§) 2
vo(x) = p2_4 [X = sinh(ﬂ in 6) P #4 y (34)
¢ 4
VoA = —— lenx-64len%-i§ln6] ; p=a, (35)
4(5-1) A
-Bo 2 .2 6z {cosh(Bln\ ) -cosh(pin&)} -cosh(plni‘-)ﬂ .
HM) = | A — ’
0 2 2 B sinh (B In &)
p-4
8% ¢4 (36)
¢ , 4 2 4 2 2
* HN) = [s‘*x"‘ln%- £ ns-2gBh  g2insy (E2IUE 22 )];
2(6 1) AN
8% =4 (37)

Next we consider the equations (31), (32) and (33). The solution of this
system of equations for general values of vy = (uc v)% runs into difficulties.
Hence to deal with the actual physical situations, it will be sufficient to solve
the system for y<< 1, since for most of the incompressible, electrically
conducting viscous fluids on the surface of the earth, y<<1 .

For instance:

Py
Fluid Y = !Eu-v‘!.2
o "4
Hg(20°c) 3.56X10
Na (500°¢) 1.55 x 107>

Pb(500°) 0.47 x 1073




-12- #379

Hence we shall assume y << 1 and w~y . Then writing k = /% , we

find that the equations (31), (32) and (33) after neglecting terms of O(yz),‘ reduce

to:
a%u dH av
p 19 g
2ty v =0 (38)
da
v, . av dH
R s W s W S
AL Dt ; ek V=0 (39

with the conditions

o
"
o

at A =5 . (40)

dH v
1 1
dx - x . (41)

Substituting (41) into (39) we obtain

2
dav dav
2 _] 1 2,2 2. _ .2
r dx2+xd" (k"N " +BYV = -\, (42)

which is @ non-homogeneous modified Bessel equation with complex argument.

w
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The general solution of (42) is therefore of the form

A 1ty e A kgt H kit ,

where functions 1{3’ K 8 are modified Bessel functions of the first and second
kind respectively and of order p, and sl’ B is a Lommel function (Watson
1944) which occurs as a particular integral of {42). A1 and Az are arbitrary
constants. This particular integral can be written either as ascending or
descending power series in the argument (Watson 1944) according as

1%p #~-(2p-1) or 1 #p8=~(2p-1), where p is a positive integer. For the
sake of simplicity we shall demonstrate the solution when 1 #p# -(2p-1) .
This condition is satisfied when = an odd positive integer . Thus we shall
demonstrate the solution when B, the Hartmann number is an odd positive
integer say equal tc 2q - 1, g being positive integer.

Hence in this case we obtain the complete solution of (38) as:

s 1, p(ktSi‘g‘) {Kp(ki 3)'Iﬁ(kx 1%) -Ip(kii) Kp(k). 1%)}

3 z z 3 1
¢ -sl’p(kiz) {K gk 81%) Ig(kn 1%) - I5(k a1tk 0n 1)

1
Vl(k )=-i >

*
+ sl, p(kx i)

1 1
(k61%) K (ki®)

L 1
F) 2y o
I (ki )Kp(kbi )y =1 8 ]

L p e

(44)

A
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where the ay#re sssio-n for the Lommel function is

zp.+1 ELH- 3

)2 {(er)P=v ) (e 32-vR)

S&B z + erevonces
P",()

and p #®vi~(220-1), P being positive integer.
The furatiomns I and K, can also be expressed in terms of Kelvin functions

p B

or in termsooitheir moduli and phases. Forreal x, we have
1 (xide e P ™ ber x + 1bet x) = M (x) exp (1[0 (x) - L pr]}
o B p™! = Mgt SXP U 77
K xiéi w-;—fhri (ker,x + i kei x) = N (x) exp{i[y_(x) +l—pn]}
g : p*l = Np(x) exp{ilyg(x) +73

where M ausid N are their respective moduli and 6

P B P

respective)i§ids es. In an analogous manner, we shall write

and 4:‘3 are their

L
5, p(’dys-z) = Pp(XH- iQﬁ(x) = Lp(x) exp {i[x p(x)‘]}

where Lp(x) [ is thex modulus and xp(x) is the phase of 8 p(xii'), Pp and Q
- »
.2

g
being the r¥si a nd i maginary parts of 5 p(xi
y

Once helte s lutdon for Vl()\) is known, we can now determine Hl(x) from

(41). We e s
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‘ 3 L i
1Be | 'Sl, p(kiz ){Kﬁ(kﬁiz) [f(N)-£(8)] - I@(kfiiz) [g(X }-g(s)]

1 T I 1 + h{\)-h(5)
Ip(,ki ) Kp(k.ai )-Ip(kﬁi )Kp(ki )

>

(45)

where

A I (kni2
fnye [

y

1
A K (k\i2
g(\) = f -E—r_- da

’

i
N s, o(khiZ)
o= S 2

Thus the velocity distribution and the magnetic field are now given by the real

parts of (26) and (27) where vo(x), vl(x), Ho(x) and Hl().) are given by

(34) to (37) and (44) to (45).

%
3
¥
b

We next obtain the real parts of these expressions after expressing the

modified Bessel functions and Lommel functions in terms of their moduli and

phases. Thus if we write the velocity distribution as

V(r,T) = V‘O(X)'l' vt()‘ »T)

where vt(x , T} denotes the time-dependent part, then

00 B ORI AS
Vt(k,'r) =;5 — 5t Lp(kX) sin [xﬁ(kx)]; cos wr

x1 +yl

XX tvY, |
+ { =55+ Ly(kr) cos [x4(k\)] ¢ sin et (46)
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where
Gy, ks Cis,k
Xl = )
Cos ak&,k Cos ak,ké
Sy, ks Cys, k
Y, = ,
Sin ak&,k Sin ‘ak,ka
Sen,k,k6 Gk, kn ks Cen ks .k Cks gk
X2= - ’
Cos a yx ks C%% % k, kel | ©°%%ks,kn k. CO5 %, ks,k
Gex,k,ks Gk, kn ks  Caoks,k Cks,kn,k
Y, = -| ,
Siney x ks S1M%0 koks || PP%s,kn,k S % ks, k
} G = M(x) N
xy = Mg Nyl
= 0. (x
ty = OGN+ 4l
G

%,¥,2 = Mg(x) No(y} Ly(2)

and «

%,¥,2 = 0g(x) woy) xg(2) -

s
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‘ 2 2. - ran"
Mp(x) = ~/ ber‘,5 X bei‘3 X ; 0.,x)=tan

- ket x
Np(x) = Jl?emr; X+ keié X ; \pp(x) = tan -

Lg(x) = J P; QX)+Q; (x) ; Xglx) = tan ‘9';'

) R
and Pp(x) , Qﬁ(x) being respectively the real and imaginary parts of 5) F‘)(‘xiZ)
' ’

have the following expressions

4 8
X X

(2%-8%)(42-6%) (2% -p%)(a2-p2)(6%-p2) (82 - p2)

Pp(x)= S S

2 6
Q. (x) = - X + S
Y N T & IO T

Total mean volumetric flow G, flowing in the z-direction is given by

1 2m &
G=E}'{ d‘r{ 2m A V(N ,7) dn (47)

21r¢0 1

531 " 4 2 |
or G= yamt {2(57-1) -B(6" +1) coth(Bln 8) + 25" cosech(p In )}
F-4 £ -4

when ;32# 4 ;

2T 4 2 ‘ ‘
and ‘G = 0 [& 1) —54(1n6)2] , when pz =4 .

woty 16
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Discussion of the Solution

We now investigate the nature of the velocity distribution vt(). ,T) and

the influvace of the magnetic field on it. Figures 3 and 4 give the time-dependent
vt(\ ,T)
%

flows. To illustrate the solution we have chosen w =y, since w ~vy, i.e.,

velocity profiles in both non-magnetic and magnetohydrodynamic
k = 1, radius ratio of the annulus §= 2 and ¢l = lcpo . The velocity
profiles are obtained for different values of wt,viz 0°, to 360° . In
Figure 3, the velocity profiles are obtained for the Hartmann number =0 and
wT = 0° to 360° . In Figure 4 the velocity profiles are obtained for the
Hartmann number p=5 and wr = 0° to 270°. On comparison of Figure 3 with
Figure 4, it is found that the flattening of the profile in Figure 4 which is
characteristic of magnetohydrodynamic flow under a transverse field is evident.
Furthermore, the magnetohydrodynamic flow profiles get even flatter and flatter
as wr increases from 0°to 90° . Then with further increase in wr, the
flow is reversed in direction due to pulsatory motion with the profiles becoming
less and less flat between wt = 90° and 180° . With further increase in wr
from 180° to 270°, once again the profiles get flatter and flatter., When wrt
is between 270° and 360°, the original direction of flow is restored back and
after this full period of 360° for wr, once again the profiles get flatter and
flatter as wt begins the next cycle of values.

A more general problem of unsteady magnetohydrodynamic flow in an annular

channel is presented in another paper.
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